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a b s t r a c t
Yao, Guo and Zhang [T. Yao, Y. Guo, K. Zhang, Pancyclic out-arcs of a vertex in a tournament,
Discrete Appl. Math. 99 (2000) 245–249.] proved that every strong tournament contains
a vertex u such that every out-arc of u is pancyclic. In this paper, we prove that every
strong tournament with minimum out-degree at least two contains two such vertices. Yeo
[A. Yeo, The number of pancyclic arcs in a k-strong tournament, J. Graph Theory 50 (2005)
212–219.] conjectured that every 2-strong tournament has three distinct vertices {x, y, z},
such that every arc out of x, y and z is pancyclic. In this paper, we also prove that Yeo’s
conjecture is true.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
A tournament is an orientation of the edges of a complete graph. An l-cycle is a cycle of length l. An arc or a vertex is said
to be k-pancyclic in a digraph D if it belongs to an l-cycle for all k ≤ l ≤ |V (D)|. For k = 3, we also say that the arc or the
vertex is pancyclic. An arc leaving from a vertex x in a digraph is called an out-arc of x.
Let D be a digraph with vertex-set V (D) and arc-set A(D). D is said to be strong if, for all x, y ∈ V (D), there is a path from
x to y in D. A directed path from x to y in D is denoted by (x, y)-path. D is called k-strong if |V (D)| ≥ k + 1 and D − X is
strong for any set X ⊆ V (D) with |X | < k. If D is k-strong, but not (k + 1)-strong, then σ(D) = k is defined as the strong
connectivity of D.
In 1980, Thomassen [5] proved that every strong tournament contains a vertex x such that each out-arc of x is contained
in a Hamiltonian cycle. In 2000, Yao, Guo and Zhang extended the result of Thomassen and proved that
Theorem 1.1 (Yao, Guo and Zhang [6]). Every strong tournament T has a vertex u such that every out-arc of u is pancyclic.
For strong tournaments with minimum out-degree one, Yao et al. [6] found an infinite class of strong tournaments, such
that each tournament contains exactly one vertex such that its out-arc is pancyclic. The problem arises naturally whether a
strong tournamentwithminimumout-degree two contains two distinct vertices such that all out-arcs of them are pancyclic.
For 3-strong tournaments, we have the following.
Theorem 1.2 (Yeo [7]). Every 3-strong tournament contains two distinct vertices x and y, such that all arcs out of x and all arcs
out of y are pancyclic.
Furthermore, x and y can be chosen such that x→ y and d+(x) ≤ d+(y).
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In 2008, Li et al. proved that Yeo’s result is also true for 2-strong tournaments.
Theorem 1.3 (Li, Li and Feng [4]). Each strong tournament T with σ(T ) = 2 contains at least 2 vertices v1, v2 such that all
out-arcs of vi are pancyclic for i = 1, 2.
In this paper we show that Yeo’s result still holds for strong tournaments withminimum out-degree two. In other words,
we provide a positive answer to the above problem.
In 2005, Yeo posed the following conjecture for 2-strong tournaments.
Conjecture 1.4 (Yeo [7]). If T is a 2-strong tournament, then T has three distinct vertices, {x, y, z}, such that every arc out of x, y
and z is pancyclic.
The conjecture cannot be extended much further due to the following theorem.
Theorem 1.5 (Yeo [7]). Let k ≥ 1 be arbitrary. There exists an infinite class of k-strong tournaments, such that each tournament
contains at most 3 vertices, with the property that all arcs out of them are pancyclic.
Recently, Feng proved that the result of Conjecture 1.4 is true for 3-strong tournaments.
Theorem 1.6 (Feng [3]). Each 3-strong tournament T contains three distinct vertices, all of whose out-arcs are pancyclic.
In this paper we prove that Yeo’s conjecture is true.
2. Preliminaries
This paper will generally follow the notation and terminology defined in [1].
Let D = (V (D), A(D)) be a digraph without multiple arcs and loops. We denote the number of vertices of D by |V (D)|. A
subdigraph induced by a subset A ⊆ V (D) is denoted by D[A]. We also write D− A for D[V (D)− A].
If uv is an arc in D, then we say that u dominates v and write u → v. We also say that uv is an out-arc of u. For disjoint
subsets X and Y of V (D), if every vertex of X dominates every vertex of Y , we say X dominates Y and write X → Y . X ⇒ Y
means that there is no arc from a vertex in Y to a vertex in X . For a tournament, X → Y if and only if X ⇒ Y .
For a vertex x in D, the set of all vertices dominating x (dominated by x, respectively) is denoted by N−D (x) (N
+
D (x),
respectively). Furthermore, d+D (x) = |N+D (x)| and d−D (x) = |N−D (x)| are the out-degree and the in-degree of x inD, respectively.
We use δ+(D) = min{d+D (x) : x ∈ V (D)} to stand for theminimum out-degree of D. When there is no confusion possible, we
use N+(x), N−(x), d+(x) and d−(x) instead of N+D (x), N
−
D (x), d
+
D (x) and d
−
D (x), respectively.
For a strong digraph D = (V (D), A(D)), a set S ⊆ V (D) is called a separating set of D if D− S is not strong. Furthermore,
S is called aminimum separating set of D if D− S is not strong and σ(D) = |S|. A vertex u ∈ V (D) is called a cut vertex of D if
D−{u} is not strong. A strong component of a digraph D is a maximal induced subdigraph of Dwhich is strong. If D is strong,
thenD is the only strong component. IfD is not strong, thenwe can partitionD into strong components T1, T2, . . . , Tr (r ≥ 2),
such that T1 ⇒ T2 ⇒ · · · ⇒ Tr .
Let D be a digraph, let x and y be distinct vertices of D and let P be a (x, y)-path in D. We say that D′ is a digraph obtained
fromDby contracting P into a newvertexw, not contained inD, if the followingholds:V (D′) = (V (D)\V (P))∪{w},N+D′(w) =
N+D (y) ∩ (V (D) \ V (P)), N−D′(w) = N−D (x) ∩ (V (D) \ V (P)) and an arc with both end-points in V (D) \ V (P) belongs to D′ if
and only if it belongs to D. It is easy to see that uwv is a path in D′ if and only if uPv is a path in D. Analogously, there exists
an l-cycle containingw in D′ if and only if there is an (l− 1+ |V (P)|)-cycle containing P in D.
In the proofs of our main results, the following results are very useful.
Lemma 2.1 (Yeo [7]). Let D be a k-strong digraph, with k ≥ 1, and let S be a separating set in D, such that T = D − S is a
tournament. Let T1, T2, . . . , Tr (r ≥ 2) be the strong components of T , such that T1 ⇒ T2 ⇒ · · · ⇒ Tr . Then the following
holds.
(i) At least k vertices in S dominate some vertices in T1, and at least k vertices in S are dominated by some vertices in Tr .
(ii) For every 1 ≤ l ≤ |V (T )| − 1, u ∈ T1 and v ∈ Tr , there exists a (u, v)-path of length l in T .
(iii) If S = {x}, then x is pancyclic in D.
Lemma 2.2 (Yeo [7]). Let D be a strong digraph, containing a vertex x, such that D − x is a tournament and d+D (x) + d−D (x) ≥|V (D)|. Then there is an l-cycle containing x in D, for all 2 ≤ l ≤ |V (D)|.
Lemma 2.3 (Yeo [7]). Let T be a 2-strong tournament, containing an arc e = xy, such that d+(y) ≥ d+(x). Then e is pancyclic
in T .
Theorem 2.4 (Camion [2]). A non-trivial tournament is strong if and only if it has a Hamiltonian cycle.
Lemma 2.5. Let T be a 2-strong tournament containing an arc xy, such that T − {x, y} is not strong. Then xy is 4-pancyclic in T .
Proof. Let Dxy be the digraph obtained from T by contracting the arc xy into a vertex zxy. Since T is 2-strong, it is clear that
Dxy is strong. Since Dxy − zxy = T − {x, y} is not strong, by Lemma 2.1, part (iii), xy is 4-pancyclic in T . 
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3. Main results
Theorem 3.1. Let T be a strong tournament on n vertices with σ(T ) = 1 and minimum out-degree at least two. Then T contains
at least two distinct vertices such that all out-arcs of them are pancyclic.
Proof. Let v be a cut vertex of T and T1, T2, . . . , Tt (t ≥ 2) be the strong components of T−v, such that T1 ⇒ T2 ⇒ · · · ⇒ Tt .
By Theorem 2.4, Ti is a single vertex or contains a Hamiltonian cycle for all 1 ≤ i ≤ t . Recall that d+(u) ≥ 2 for all u ∈ V (T ).
We have that Tt contains at least three vertices.
Assume, without loss of generality, that the vertex v has been chosen such that the terminal strong component of T − v
is minimum. This implies that any vertex in Tt is not a cut vertex of T .
Let x 6= v be a vertex such that d+(x) = min{d+(u) : u ∈ V (T ) \ {v}}. Then it is easy to see that x ∈ V (Tt). We first show
that x is a desired vertex.
Let x1 ∈ N+(x) be arbitrary. Then x1 ∈ V (Tt)∪ {v}. It is easy to check that if x→ v then xv is pancyclic. We consider the
case when x1 ∈ V (Tt). Let D be the digraph obtained from T by contracting the arc xx1 into a vertex w. We first prove that
D is strong. Let u ∈ V (D − w) be arbitrary. It is sufficient to show that D contains a path from u to w and a path from w to
u. By the definition of path-contracting, we only need to verify that T − {x} contains a (x1, u)-path and T − {x1} contains a
(u, x)-path. Recall that x and x1 are two vertices in Tt and any vertex in Tt is not a cut vertex of T . We have that T − {x} and
T − {x1} are strong. Therefore, T − {x} contains a (x1, u)-path and T − {x1} contains a (u, x)-path.
For the strong digraph D, we get
d+D (w)+ d−D (w) = d+T (x1)+ d−T (x) = d+T (x1)+ (n− 1− d+T (x))
= n− 1+ (d+T (x1)− d+T (x)) ≥ n− 1 = |V (D)|.
By Lemma 2.2, the arc xx1 is pancyclic in T and x is a desired vertex.
If there is a vertex u in T − {v, x} with d+(u) = d+(x), then u is also a desired vertex by a similar argument as above.
Thus, u and x are two desired vertices and we are done. So assume that
d+(u) > d+(x) for all u ∈ T − {v, x}. (1)
Let y 6= v be a vertex with minimum out-degree among all vertices in N+(x). Then y ∈ V (Tt). We will prove that y or
another vertex apart from x, y is the second desired vertex.
Let y1 ∈ N+(y) be arbitrary. Then y1 ∈ V (Tt) ∪ {v}, and it is easy to see that the arc yv is pancyclic in T if yv is an arc of
T . So we consider the case when y1 ∈ V (Tt). Let D1 be the digraph obtained from T by contracting the arc yy1 into a vertex
w1. Similarly, recall that any vertex in Tt is not a cut vertex of T . We have that T − {y} and T − {y1} are strong. Therefore D1
is strong.
If d+(y1) ≥ d+(y), we get
d+D1(w1)+ d−D1(w1) = d+T (y1)+ d−T (y) = d+T (y1)+ (n− 1− d+T (y))
= n− 1+ (d+T (y1)− d+T (y)) ≥ n− 1 = |V (D1)|.
By Lemma 2.2, yy1 is pancyclic in T .
So assume that d+(y1) < d+(y). If D1 − w1 = T − {y, y1} is not strong then, since D1 is strong, Lemma 2.1(iii) implies
that w1 is in i-cycles in D1 for all 3 ≤ i ≤ |V (D1)|. Therefore, yy1 is in l-cycles in T for all 4 ≤ l ≤ n. By the choice of y, we
see that y1 → x and yy1xy is a 3-cycle containing yy1. Thus, yy1 is pancyclic in T .
In the following, we assume that d+(y1) < d+(y) and D1 − w1 = T − {y, y1} is strong. Let D2 be the digraph obtained
from T by contracting the path xyy1 into a vertexw2. By (1), d+(y1) > d+(x) holds. We get
d+D2(w2)+ d−D2(w2) = d+T (y1)− 1+ d−T (x)− 1 = d+T (y1)− 1+ (n− 1− d+T (x))− 1
= n− 2+ (d+T (y1)− d+T (x)− 1) ≥ n− 2 = |V (D2)|.
If D2 is strong, then yy1 is pancyclic in T by Lemma 2.2.
So assume that D2 is not strong. Since d+D2(w2) + d−D2(w2) ≥ |V (D2)|, it is easy to see that w2 is in a 2-cycle of D2. This
implies that T − {x, y, y1} = D2 − w2 is not strong. Let T ′1, T ′2, . . . , T ′r (r ≥ 2) be the strong components of T − {x, y, y1},
such that T ′1 ⇒ T ′2 ⇒ · · · ⇒ T ′r . It is easy to see that v ∈ T ′1. Since D2 is not strong, we have that T ′1 ⇒ y1 or x ⇒ T ′r (or
both). Recall that T − {y, y1} is strong. There exists an arc from x to T ′1 and an arc from T ′r to x. Therefore, we have T ′1 ⇒ y1.
If T ′r has an arc into y, let Dyy1x be the digraph obtained from T by contracting the path yy1x into a vertex wyy1x. Clearly,
Dyy1x is strong, but Dyy1x − wyy1x = T − {x, y, y1} is not strong, which by Lemma 2.1(iii), gives us l-cycles containing yy1 in
T for all 5 ≤ l ≤ |V (T )|. Since d+(y1) > d+(x), there exists a vertex w such that y1 → w → x, and yy1wxy is a 4-cycle
containing yy1. As we have already found the 3-cycle yy1xy containing yy1, we have that yy1 is pancyclic in T .
Suppose now that T ′r has no arc into y, i.e., y⇒ T ′r . If T ′r contains exactly one vertex x1, recalling that v ∈ T ′1, then x1 6= v.
Now, d+(x1) ≤ 2 ≤ d+(x), a contradiction to (1). Therefore, |V (T ′r )| ≥ 3. Let l = |V (T ′r )| and let Cr = x1x2 · · · xlx1 be a
Hamiltonian cycle of T ′r . First, we show that |N−(x) ∩ V (T ′r )| ≥ 3. Suppose to the contrary that |N−(x) ∩ V (T ′r )| ≤ 2. Then
we have |N+(x) ∩ V (T ′r )| ≥ l − 2. Recalling that x → y and x has at least one arc into T ′1, it holds that d+(x) ≥ l. For the
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vertex, say xi, with minimum out-degree among all vertices in T ′r , it is clear that |N+(xi) ∩ V (T ′r )| ≤ b l−12 c. Thus, we have
d+(xi) ≤ d+T ′r (xi)+ 2 ≤ b
l−1
2 c + 2 ≤ b l−12 c + d l−12 e + 1 = l− 1+ 1 = l ≤ d+(x), a contradiction to (1). Therefore, it holds
that
|N−(x) ∩ V (T ′r )| ≥ 3. (2)
By Theorem 1.1, the subtournament T ′r has a vertex, say z, whose out-arcs are pancyclic in T ′r . Wewill show that z is a desired
vertex.
Assume, without loss of generality, that the vertices of the Hamiltonian cycle Cr have been labelled with xl = z. Let
z1 ∈ N+(z) be arbitrary, then z1 ∈ V (T ′r ) ∪ {x, y1}.
Case 1. z1 ∈ V (T ′r ).
By the choice of z, the arc zz1 is in an i-cycle for i = 3, 4, . . . , l. Assume, without loss of generality, that Cr is a Hamiltonian
cycle of T ′r which contains the arc zz1, i.e., z1 = x1.
Recalling that T − {y, y1} is strong, there exists an arc from x to T ′1. Since x is not a cut vertex of T , we have that y has
at least one arc into T ′1. Let u1u2 · · · un−3−l (u′1u′2 · · · u′n−3−l, respectively) be a Hamiltonian path of T − (V (T ′r ) ∪ {x, y, y1})
with x→ u1 (y→ u′1, respectively). Note from (2) that there is an integer k ∈ {1, 2, . . . , l− 2} such that xk → x. It is easy
to see that zx1 · · · xkxu1xk+2 · · · xl is a cycle of length l + 1 and zx1 · · · xkxu1 · · · ujxk+1 · · · xl is a cycle of length l + 1 + j for
j = 1, 2, . . . , n − 3 − l and zx1 · · · xkxyu′1 · · · u′n−3−lxk+1 · · · xl is a cycle of length n − 1. It remains to verify that zx1 is in a
Hamiltonian cycle of T .
Since T − {x} is strong, T − {x} contains a path from y1 to T ′1. Recall that T ′1 ⇒ y1 and T ′r has no arc into y. We must have
r > 2 and there exists u′j ∈ T ′i for some 1 < i < r, 1 < j ≤ n − 3 − l such that y1 → u′j . Without loss of generality, let
j be the minimum index with this property. Now, zx1 · · · xkxyu′1 · · · u′j−1y1u′j · · · u′n−3−lxk+1 · · · xl is a Hamiltonian cycle of T
containing zx1.
Case 2. z1 ∈ {x, y1}.
We first consider the arc zx if z → x. Recalling that T − (V (T ′r ) ∪ {x, y, y1}) contains a Hamiltonian path u1u2 · · · un−3−l
with x → u1, it is easy to see that zx is pancyclic in T − {y, y1}. In addition, using the observations from Case 1 above,
zxyu′1u
′
2 · · · u′n−3−lx1 · · · xl is an (n− 1)-cycle and zxyu′1 · · · u′j−1y1u′j · · · u′n−3−lx1 · · · xl is an n-cycle containing zx. Therefore,
zx is pancyclic in T .
If zy1 is an arc of T , we have that zy1u′jz and zy1xu1z are 3- and 4-cycles containing zy1, respectively. Since y1 → x and
x→ u1, it is easy to see that zy1 is pancyclic in T − {y}. Moreover, zy1 is in a Hamiltonian cycle zy1xyu′1 · · · u′n−3−lx1 · · · xl of
T . Therefore, zy1 is pancyclic in T .
The proof of the theorem is complete. 
Combining Theorems 1.2, 1.3 and 3.1, we get the following.
Corollary 3.2. Each strong tournament T with δ+(T ) ≥ 2 contains at least two distinct vertices such that all out-arcs of them
are pancyclic.
As an application of Corollary 3.2, we prove that Conjecture 1.4 is true. Our proof depends on the proof of Theorem 1.3.
Theorem 1.3 showed that each strong tournament T with σ(T ) = 2 contains at least two vertices whose out-arcs are pan-
cyclic. Now, our aim is to find the third vertex whose out-arcs are pancyclic on the basis of Theorem 1.3. For convenience,
we summarize the results of Theorem 1.3 in the following Remark 1 (we use u, v1 instead of v1, v2 in Theorem 1.3 here).
Remark 1. Let T be a 2-strong tournament with σ(T ) = 2. LetM be the set of all vertices with minimum out-degree in T .
If |M| = 2, then the out-arcs of the vertices inM are pancyclic in T .
If |M| = 1 and u is the vertex with minimum out-degree in T , then the one of the following two cases holds.
Case 1. σ(T − u) = 1, S = {u, x} is a minimum separating set of T and T1, T2, . . . , Tt (t ≥ 2) are strong components of T − S
such that T1 ⇒ T2 ⇒ · · · ⇒ Tt . Assume, without loss of generality, that among all possible minimum separating sets {u, x′}
with x′ ∈ V (T − u), the vertex x ∈ S has been chosen such that the terminal strong component of T − S is minimum. Then
u and another vertex are two vertices such that all out-arcs of them are pancyclic in T . That is,
(i) If t = 2, T1 = {w1} is a single vertex andN+(u) = {x, w1}, then u andw1 are two verticeswhose out-arcs are pancyclic
in T .
(ii) Otherwise, u and a vertex whose out-arcs are pancyclic in Tt are two vertices whose out-arcs are pancyclic in T .
Case 2. σ(T − u) = 2 and d+(v1) = min{d+(x) : x ∈ N+(u)}, then u and v1 are two vertices whose out-arcs are pancyclic
in T .
By repeating the proof of Case 1 in Theorem 1.3, we also obtain the following.
Remark 2. In Case 1 in Remark 1, if d+(x) = d+(u), then (i) and (ii) in Case 1 above still hold.
Theorem 3.3. Each strong tournament T on n vertices with σ(T ) = 2 contains at least three distinct vertices whose out-arcs are
pancyclic.
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Proof. LetM = {x : d+(x) = δ+(T )}. By Lemma 2.3, all out-arcs of every vertex inM are pancyclic. If |M| ≥ 3, then we are
done. So assume that |M| ≤ 2.
In the following, we choose u and v1 satisfying the following conditions.
(1) d+(u) = δ+(T ).
(2) u→ v1 and d+(v1) =min{d+(x) : x ∈ N+(u)}.
(3) When |M| = 2, we always assume that d+(u) = d+(v1) = δ+(T ).
We consider the following two cases.
Case 1. σ(T − u) = 1.
Let S = {u, x} be a minimum separating set of T and let T1, T2, . . . , Tr (r ≥ 2) be the strong components of T − S, such
that T1 ⇒ T2 ⇒ · · · ⇒ Tr . Then |V (Tr)| ≥ 3 by the conditions (2) and (3). Otherwise, Tr only contains one vertex, say u0.
Now, d+(u0) = d+(u) = 2 and u0 → u. This implies that |M| = 2 and u0 = v1, which is a contradiction to u→ v1. Assume,
without loss of generality, that among all possible minimum separating sets {u, x′}with x′ ∈ V (T − u), the vertex x ∈ S has
been chosen such that the terminal strong component of T − S is minimum. This implies that
|N−(x) ∩ V (Tr)| ≥ 2. (3)
Subcase 1.1. |M| = 1.
By Remark 1, we have the following (i) and (ii).
(i) If t = 2, T1 = {w1} is a single vertex and N+(u) = {x, w1}, then u and w1 are two vertices whose out-arcs are
pancyclic in T .
(ii) Otherwise, the vertex u and a vertex whose out-arcs are pancyclic in Tr are two vertices whose out-arcs are pancyclic
in T .
In the following, we will find the third desired vertex.
For the case (i), we consider the vertex, say x0, with minimum out-degree among all vertices in T2. We will show that x
or x0 is a desired vertex.
If d+(x) ≤ d+(x0), let y ∈ N+(x) be arbitrary. By the choice of x0, we have d+(y) ≥ d+(x0) ≥ d+(x). By Lemma 2.3, xy is
pancyclic. Now, x is a vertex whose out-arcs are pancyclic in T .
If d+(x) > d+(x0), let z ∈ N+(x0) be arbitrary. Then z ∈ V (T2) ∪ {u, x}. By the choice of x0, we have d+(z) ≥ d+(x0) for
all z ∈ V (T2) ∪ {x}. By Lemma 2.3, x0z is pancyclic. In addition, if x0 → u, it is easy to check that x0u is pancyclic. Thus, x0 is
a vertex whose out-arcs are pancyclic in T .
For the case (ii), if Tr contains at least two vertices whose out-arcs are pancyclic in Tr , then we are done.
So we assume that Tr only contains one vertex, say v, whose out-arcs are pancyclic in Tr . Then v is a desired vertex. By
Corollary 3.2, we have that σ(Tr) = 1 and |N+(v) ∩ V (Tr)| = 1. Let N+(v) ∩ V (Tr) = {w}. Recall that d+(v) > d+(u) ≥ 2.
We have that v→ {u, x} and N+(v) = {u, x, w}. So we get
d+(v) = 3 and d+(u) = 2. (4)
Below, we will show thatw or another vertex is a desired vertex.
Letw1 ∈ N+(w) be arbitrary. By Lemma 2.3, we only need to consider the case when d+(w1) < d+(w).
Assume that Tr contains l ≥ 3 vertices. Thus d+(u) < l. By Theorem 2.4, Tr has a Hamiltonian cycle x1x2 · · · xlx1
with xl = w. We first show that |N−(u) ∩ V (Tr)| ≥ 2. Suppose to the contrary that |N−(u) ∩ V (Tr)| ≤ 1, then
|N+(u) ∩ V (Tr)| ≥ l − 1. By Lemma 2.1, part (i), we have that u dominates at least one vertex in T1; thus d+(u) ≥ l,
which is a contradiction. Therefore, we get
|N−(u) ∩ V (Tr)| ≥ 2. (5)
We consider the following two subcases.
Subcase 1.1.1.w1 ∈ {u, x}.
It is obvious (using Lemma 2.1(i)) that the subtournament T − ({u, x} ∪ V (Tr)) contains a Hamiltonian path, say
u1u2 · · · un−2−l (u′1u′2 · · · u′n−2−l, respectively), with u → u1 (x → u′1, respectively). It is easy to see that wu is pancyclic in
T−{x} andwx is pancyclic in T−{u}. We only need to verify that each ofwu andwx is contained in a Hamiltonian cycle of T .
For convenience, we denote the other vertex in {u, x} byw′1, i.e., {w1, w′1} = {u, x}.
Suppose that T − ({w1, w′1} ∪ V (Tr)) contains at least two vertices. Since T is 2-strong, it is not difficult to show that
T − ({w1, w′1} ∪ V (Tr)) can be decomposed into two paths, say y1y2 · · · yk and y′1y′2 · · · y′m with w1 → y1 and w′1 → y′1,
respectively. By (3) and (5), there is a vertex xj with 1 ≤ j ≤ l − 1 such that xj → w′1. Now, ww1y1y2 · · · ykx1x2 · · ·
xjw′1y
′
1y
′
2 · · · y′mxj+1 · · · xl is a Hamiltonian cycle containingww1.
Suppose now that T − ({w1, w′1} ∪ V (Tr)) contains exactly one vertexw′. Note that r = 2 and {w1, w′1} → w′.
Ifw1 → w′1, then we see thatww1w′1w′x1x2 · · · xl is a Hamiltonian cycle of T . So we consider the case whenw′1 → w1.
Assume that d+(w′1) ≥ 3, which means that w′1 6= u. Let D be the digraph obtained from T by contracting the path
ww1w
′ to a vertex z. Since d+(w′1) ≥ 3, we have N+(w′1) ∩ V (T2) 6= ∅. By (3) and (5), N−(w′1) ∩ V (T2 − w) 6= ∅ holds.
Therefore, D is strong.
Q. Guo et al. / Discrete Applied Mathematics 158 (2010) 996–1005 1001
If |N+(w) ∩ V (T2)| < l− 2, then d+(w′) = l = l− 2+ 2 > d+(w). It follows that
d+D (z)+ d−D (z) = d+T (w′)− 1+ d−T (w)− 1 = d+T (w′)− 1+ (n− 1− d+T (w))− 1
= n− 2+ (d+T (w′)− d+T (w)− 1) ≥ n− 2 = |V (D)|.
By Lemma 2.2,ww1 is in a Hamiltonian cycle of T .
If |N+(w) ∩ V (T2)| ≥ l − 2 then, since v → w, we have that {v,w} ∈ V (T2) \ N+(w) and |N+(w) ∩ V (T2)| = l − 2.
Recall that N+(v)∩V (T2) = {w}. Thus,w is a cut vertex of T2. Let T ′1, T ′2, . . . , T ′t (t ≥ 2) be the strong components of T2−w,
such that T ′1 ⇒ T ′2 ⇒ · · · ⇒ T ′t . It is easy to see that T ′t = {v}. By Theorem 1.1, T ′t−1 contains a vertex, say y, such that all
out-arcs of y are pancyclic in T ′t−1. It is easy to check that y is a vertex whose out-arcs are pancyclic in T2. Recalling that we
have assumed that T2 only contains one vertex v with this property, this is a contradiction.
Assume now that d+(w′1) < 3. This implies that d+(w
′
1) = 2 and w′1 = u. We see that T2 → w′1; this is the case (i), a
contradiction.
Subcase 1.1.2.w1 ∈ V (Tr).
Recalling that N+(v) = {u, x, w}, thenw1 → v andww1 is in the 3-cycleww1vw.
By Lemma 2.5, we can assume that T−{w,w1} is strong. If d+(w1) = d+(v), then d+(w1) = 3 by (4). So d+(y) ≥ d+(w1)
for all y ∈ V (T )\ {u}. By Lemma 2.3,w1y is pancyclic in T for all y ∈ N+(w1)\ {u}. By a similar argument as in Subcase 1.1.1,
it is not difficult to prove thatw1u is pancyclic in T . Now,w1 is a desired vertex.
If d+(w1) > d+(v), let D be the digraph obtained from T by contracting the path vww1 into a vertex z. We get
d+D (z)+ d−D (z) = d+T (w1)− 1+ d−T (v)− 1 = d+T (w1)− 1+ (n− 1− d+T (v))− 1
= n− 2+ (d+T (w1)− d+T (v)− 1) ≥ n− 2 = |V (D)|.
If D is strong, then ww1 is 4-pancyclic in T by Lemma 2.2. Since ww1vw is a 3-cycle containing ww1, we note that ww1
is pancyclic in T .
If D is not strong, it is easy to see that z is in a 2-cycle of D since d+D (z) + d−D (z) ≥ |V (D)|. This implies that
D − z = T − {v,w,w1} is not strong. Let T ′1, T ′2, . . . , T ′t (t ≥ 2) be the strong components of T − {v,w,w1}, such that
T ′1 ⇒ T ′2 ⇒ · · · ⇒ T ′t . Then it is easy to see that u ∈ T ′1 or u ∈ T ′2 (when u ∈ T ′2, we have T ′1 = {x}).
Since T − {w,w1} is strong, we have that v has an arc into T ′1. If T ′t has an arc into w, let Dww1v be the digraph obtained
from T by contracting the pathww1v into a vertex zww1v . Clearly, Dww1v is strong. Since Dww1v − zww1v = T − {v,w,w1} is
not strong, Lemma 2.1(iii) implies thatww1 is 5-pancyclic in T . Since d+(w1) > d+(v), there exists a vertex, say y, such that
w1 → y → v, and ww1yvw is a 4-cycle containing ww1. As we have already found the 3-cycle ww1vw containing ww1,
we have thatww1 is pancyclic in T .
Suppose now that T ′t has no arc into w. Note that the component containing u has at least two vertices and has an arc
intow. We have u 6∈ T ′t . Assume that T ′t has l vertices. Then d+(u) ≥ l+ 1. For the vertex, say x0, with minimum out-degree
among all vertices in T ′t , it is easy to check that d+(x0) ≤ (l− 1)+ 2 = l+ 1 ≤ d+(u), a contradiction to |M| = 1.
Subcase 1.2. |M| = 2.
Recall that d+(u) = d+(v1) = δ+(T ). It is clear that all out-arcs of u and v1 are pancyclic in T by Lemma 2.3. In the
following, we will find the third desired vertex.
Recalling that S = {u, x} is a minimum separating set, then v1 ∈ {x} ∪ V (Tr).
If v1 = x, by Remark 2, a vertex whose out-arcs are pancyclic in Tr or another vertex is a desired vertex and we are done.
Below, we assume that v1 6= x. It is easy to see that v1 ∈ V (Tr). Let |Tr | = l ≥ 3. We first show that |N−(u)∩ V (Tr)| ≥ 2.
If |N−(u)∩ V (Tr)| ≤ 1, then |N+(u)∩ V (Tr)| ≥ l− 1. Since u dominates at least one vertex in T1, we have d+(u) ≥ l. For the
vertex v1 in Tr , it is clear that |N+(v1)∩V (Tr)| ≤ l−2. So d+(v1) ≤ l−2+1 = l−1 < d+(u), a contradiction. Therefore,we get
|N−(u) ∩ V (Tr)| ≥ 2. (6)
Let w ∈ N+(v1) ∩ V (Tr) be a vertex with d+(w) = min{d+(y) : y ∈ N+(v1) ∩ V (Tr)}. We will show that w or another
vertex apart from u and v1 is a desired vertex.
Letw1 ∈ N+(w) be arbitrary. By Lemma 2.3, we only need to consider the case when d+(w1) < d+(w).
Subcase 1.2.1.w1 ∈ {u, x}.
For convenience, we still denote the other vertex in {u, x} byw′1, i.e., {w1, w′1} = {u, x}. Let x1x2 · · · xlx1 be a Hamiltonian
cycle of Tr with xl = w.
By a similar argument as in Subcase 1.1.1 (only by using (6) instead of (5)), we only need to verify thatww1 is contained
in a Hamiltonian cycle of T . And we also get that ww1 is in a Hamiltonian cycle if T − ({w1, w′1} ∪ V (Tr)) contains at least
two vertices.
Suppose now that T − ({w1, w′1} ∪ V (Tr)) contains exactly one vertexw′. Note that t = 2 and {w1, w′1} → w′.
Ifw1 → w′1, then we see thatww1w′1w′x1x2 · · · xl is a Hamiltonian cycle of T . So we consider the case whenw′1 → w1.
If d+(w′1) < 3, this implies that d+(w
′
1) = 2 and w′1 = u, since x 6= v1. We see that T2 → w′1, which is a contradiction
to v1 ∈ T2 and u→ v1.
So assume that d+(w′1) ≥ 3. Let D be the digraph obtained from T by contracting the pathww1w′ to a vertex z. It is easy
to check that D is strong.
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If d+(w′) > d+(w), we get
d+D (z)+ d−D (z) = d+T (w′)− 1+ d−T (w)− 1 = d+T (w′)− 1+ (n− 1− d+T (w))− 1
= n− 2+ (d+T (w′)− d+T (w)− 1) ≥ n− 2 = |V (D)|.
By Lemma 2.2, z is in i-cycles in D for all 2 ≤ i ≤ n− 2, and henceww1 is in a Hamiltonian cycle of T .
Ifd+(w′) ≤ d+(w), thend+(w) ≥ l = d+(w′). Note that {v1, w} ∈ V (T2)\N+(w).Wehaved+T2(w) ≤ l−2. Since d+(w) ≤
d+T2(w)+2 ≤ l−2+2 = l, we deduce that d+(w) = l and d+T2(w) = l−2. Therefore,w→ {w1, w′1} andN−(w)∩V (T2) = {v1}
hold. By the choice ofw, it is easy to see that N+(v1)∩V (T2) = {w}. Recalling that {u, x} = {w1, w′1}, u→ v1 and d+(v1) =
d+(u) = δ+(T ) ≥ 2, we get that d+(v1) = d+(u) = 2 and v1 → x. Since d+(w′1) ≥ 3, we have thatw′1 = x andw1 = u.
Since N+(v1) ∩ V (T2) = {w}, we see that w is a cut vertex of T2. Let T ′1, T ′2, . . . , T ′t (t ≥ 2) be the strong components of
T2 −w, such that T ′1 ⇒ T ′2 ⇒ · · · ⇒ T ′t . Then T ′t = {v1}. By Theorem 1.1, T ′t−1 contains a vertex, say y, such that all out-arcs
of y are pancyclic in T ′t−1.
We will show that y is a vertex whose out-arcs are pancyclic in T . Let y1 ∈ N+(y) be arbitrary. Then y1 ∈ V (T ′t−1) ∪{v1, u, x}. By Theorem 2.4, T ′t−1 is a single vertex or contains a Hamiltonian cycle. Assume, without loss of generality,
that T ′t−1 contains a Hamiltonian cycle, say x
′
1x
′
2 · · · x′rx′1, with x′r = y. Let u1u2 · · · un−5−r be a Hamiltonian path of T2 −
(V (T ′t−1) ∪ {v1, w}).
We first consider the casewhen y1 ∈ V (T ′t−1). Recall that y is a vertexwhose out-arcs are pancyclic in T ′t−1. Assume, with-
out loss of generality, that x′1x
′
2 · · · x′rx′1 is a Hamiltonian cycle containing yy1 in T ′t−1, i.e., y1 = x′1. It is easy to see that yy1 is
pancyclic in T2. It remains to verify that yy1 is in a cycle of length from n−2 to n. In fact, yy1x′2 · · · x′r−1v1xw′u1u2 · · · un−5−rx′r
is an (n − 2)-cycle containing yy1. Also, yy1x′2 · · · x′r−1v1wxw′u1u2 · · · un−5−rx′r and yy1x′2 · · · x′r−1v1wxuw′u1u2 · · · un−5−rx′r
are (n− 1)- and n-cycles containing yy1, respectively. Thus, yy1 is pancyclic in T .
If yv1 is an arc, it is easy to see that yv1 is pancyclic in T2. It remains to verify that yv1 is in cycles of length from n − 2
to n. We see that yv1xw′u1u2 · · · un−5−rx′1x′2 · · · x′r−1x′r and yv1wxw′u1u2 · · · un−5−rx′1x′2 · · · x′r−1x′r are (n − 2)- and (n − 1)-
cycles containing yv1, respectively. And yv1wxuw′u1u2 · · · un−5−rx′1x′2 · · · x′r−1x′r is an n-cycle containing yv1. Therefore, yv1
is pancyclic in T .
If yx is an arc, it is easy to see that yx is pancyclic in T − {v1, w}. In addition, we see that yxw′u1u2 · · · un−5−rx′1x′2 · · · x′r−1
v1wx′r is an (n − 1)-cycle containing yx and yxuw′u1u2 · · · un−5−rx′1x′2 · · · x′r−1v1wx′r is an n-cycle containing yx. Thus, yx is
pancyclic in T .
If yu is an arc, it is clear that yu is pancyclic in T − {v1, w, x}. It remains to verify that yu is in cycles of length from n− 2
to n. In fact, yuv1wu1u2 · · · un−5−rx′1x′2 · · · x′r−1x′r and yuw′v1wu1u2 · · · un−5−rx′1x′2 · · · x′r−1x′r are (n− 2)- and (n− 1)-cycles
containing yu. And yuv1wxw′u1u2 · · · un−5−rx′1x′2 · · · x′r−1x′r is an n-cycle containing yu. Thus, yu is pancyclic in T .
Subcase 1.2.2.w1 ∈ V (Tr).
By the choice ofw, we havew1 → v1. Now,ww1v1w is a 3-cycle containingww1.
By Lemma 2.5, we can assume that T − {w,w1} is strong. Let D be the digraph obtained from T by contracting the path
v1ww1 into a vertex z. We get
d+D (z)+ d−D (z) = d+T (w1)− 1+ d−T (v1)− 1 = d+T (w1)− 1+ (n− 1− d+T (v1))− 1
= n− 2+ (d+T (w1)− d+T (v1)− 1) ≥ n− 2 = |V (D)|.
If D is strong, thenww1 is 4-pancyclic in T by Lemma 2.2. Thus,ww1 is pancyclic in T .
If D is not strong, we have thatww1 is pancyclic in T by a similar argument as in Subcase 1.1.2.
Case 2. σ(T − u) = 2.
We first give some claims.
Claim A. u and v1 are two vertices whose out-arcs are pancyclic in T .
Proof. Recalling thatM = {x : d+(x) = δ+(T )}, it is clear that all out-arcs of every vertex inM are pancyclic by Lemma 2.3.
When |M| = 2, since d+(v1) = d+(u) = δ+(T ), we are done. When |M| = 1, by Case 2 in Remark 1, this claim is also
true. 
In the following, we only need to find a desired vertex apart from u and v1.
For convenience, denote δ+(T ) = s. Then s ≥ 2. Let N+(u) = {v1, v2, . . . , vs}. By Claim A, if d+(vi) = d+(v1) for
some 2 ≤ i ≤ s, then vi is a desired vertex. So we assume that d+(v1) < d+(v2) ≤ d+(v3) ≤ · · · ≤ d+(vs). Let
N+(v1) = {w1, w2, . . . , wt} and d+(w1) ≤ d+(w2) ≤ · · · ≤ d+(wt).
Claim B. If v1 → vi for some 2 ≤ i ≤ s, then there exists a vertex vk (k 6= 1) such that all out-arcs of vk are pancyclic in T .
Proof. Let k be the minimum index such that v1 → vk, i.e., k ≥ 2 and vi → v1 for all 1 < i ≤ k− 1.
Let x ∈ N+(vk) be arbitrary. By Lemma 2.3, we only need to consider the case when d+(x) < d+(vk).
If x ∈ {v2, . . . , vk−1}, then vkxv1vk is a 3-cycle containing vkx. If x 6∈ {v2, . . . , vk−1}, then we have that x 6∈ N+(u) and
x→ u. Now, vkxuvk is a 3-cycle containing vkx. We will prove that vkx is 4-pancyclic in T .
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By Lemma 2.5, we can assume that T − {vk, x} is strong. Let D be the digraph obtained from T by contracting the path
uvkx into a vertex w. Since σ(T − u) = 2, we have that T − {u, vk} is strong. Therefore, we get that D is strong. Note that
x 6= v1 (v1 → vk but vk → x) and d+T (x) > d+T (u). We get
d+D (w)+ d−D (w) ≥ d+T (x)− 1+ d−T (u)− 1 = d+T (x)− 1+ (n− 1− d+T (u))− 1
= n− 2+ (d+T (x)− d+T (u)− 1) ≥ n− 2 = |V (D)|.
By Lemma 2.2, vkx is 4-pancyclic in T . 
By Claim B, we can assume that vi → v1 for all 2 ≤ i ≤ s.
Claim C. If wj → vi for some 1 ≤ i ≤ s and 1 ≤ j ≤ t, then there exists a vertex vk (k 6= 1) all of whose out-arcs are pancyclic
in T .
Proof. Let k be the minimum index such that there is some wj (1 ≤ j ≤ t) satisfying wj → vk but vi → N+(v1) =
{w1, w2, . . . , wt} for all 1 ≤ i ≤ k− 1.
Let x ∈ N+(vk) be arbitrary. By Lemma 2.3, we only need to consider the case when d+(x) < d+(vk).
If x ∈ {v1, v2, . . . , vk−1}, then vkx is in the 3-cycle vkxwjvk. If x 6∈ {v1, v2, . . . , vk−1}, then x → u, and hence vkxuvk is a
3-cycle containing vkx. Thus, by Lemma 2.5, we can assume that T − {vk, x} is strong. Let D be the digraph obtained from T
by contracting the path uvkx into a vertexw. Since σ(T − u) = 2, we have that T − {u, vk} is strong. Therefore, we get that
D is strong.
If x 6= v1, then d+T (x) > d+T (u). We get
d+D (w)+ d−D (w) ≥ d+T (x)− 1+ d−T (u)− 1 = d+T (x)− 1+ (n− 1− d+T (u))− 1
= n− 2+ (d+T (x)− d+T (u)− 1) ≥ n− 2 = |V (D)|.
By Lemma 2.2, vkx is 4-pancyclic in T .
If x = v1, then
d+D (w)+ d−D (w) = d+T (v1)+ d−T (u) = d+T (v1)+ (n− 1− d+T (u))
= n− 1+ (d+T (v1)− d+T (u)) > n− 2 = |V (D)|.
By Lemma 2.2, vkx is 4-pancyclic in T . As the 3-cycle containing vkx has been found, we see that vkx is pancyclic in T . 
By Claim C, one can assume that N+(u)→ N+(v1).
In the following, we will show that w1 or another vertex is a desired vertex. Let x ∈ N+(w1) be arbitrary. We consider
the following two subcases.
Subcase 2.1. x = u.
It is clear thatw1uv1w1 andw1uv2v1w1 are 3- and 4-cycles containingw1u, respectively. We only need to show thatw1u
is 5-pancyclic in T .
If there exists vi for some 1 ≤ i ≤ s, such that T − {w1, u, vi} is not strong, let D be the digraph obtained from T by con-
tracting the pathw1uvi into a vertexw. Since σ(T − u) = 2, we have that T − {w1, u} and T − {u, vi} are strong. Therefore,
D is strong. By Lemma 2.1, part (iii),w1u is 5-pancyclic in T .
In the following, we always assume that T − {w1, u, vi} is strong for all 1 ≤ i ≤ s.
If d+(v2) ≥ d+(v1) + 2, let D′ be the digraph obtained from T by contracting the path v1w1uv2 into a vertex w′. Since
T − {v1, w1, u} and T − {w1, u, v2} are strong, we have that D′ is strong. Moreover, we get
d+D′(w
′)+ d−D′(w′) = d+T (v2)− 2+ d−T (v1)− 2 = d+T (v2)− 2+ (n− 1− d+T (v1))− 2
= n− 3+ (d+T (v2)− d+T (v1)− 2) ≥ n− 3 = |V (D′)|.
By Lemma 2.2,w1u is in l-cycles in T for all 5 ≤ l ≤ n.
Suppose now that d+(v2) ≤ d+(v1)+ 1. Since d+(v1) < d+(v2), we have d+(v2) = d+(v1)+ 1. Then N+(v2) = {v1} ∪
N+(v1). If d+(u) ≥ 3, then v3 → v2 and {v1, v2} ∪ N+(v1) ⊆ N+(v3). We have d+(v3) ≥ d+(v1)+ 2. Let D′′ be the digraph
obtained from T by contracting the path v1w1uv3 into a vertexw′′. By a similar argument as above,w1u is 5-pancyclic in T .
So assume that d+(u) = 2 and d+(v2) = d+(v1) + 1. Now, N+(u) = {v1, v2}, N+(v1) = {w1, w2, . . . , wt} and N+(v2)
= {v1} ∪ {w1, w2, . . . , wt} (when |M| = 2, we have t = 2).
If w1 → wi for some 2 ≤ i ≤ t , let D be the digraph obtained from T by contracting the path w1uv1wi into a vertex
w. We first prove that D is strong. Let y ∈ V (D − w) = V (T − {w1, u, v1, wi}) be arbitrary. From the definition of path-
contracting, it is sufficient to prove that T − {w1, u, v1} contains a (wi, y)-path and T − {u, v1, wi} contains a (y, w1)-path.
Since T−{w1, u, vi} is strong for all 1 ≤ i ≤ s, T−{w1, u, v1} contains a (wi, y)-path. It remains to prove that T−{u, v1, wi}
contains a (y, w1)-path.
If y 6∈ N+(v1), then y = v2 or y → v2. Since v2 → w1, it is clear that there is a (y, w1)-path in T − {u, v1, wi} in both
cases. Suppose now that y ∈ N+(v1). If y → w1, then yw1 is a (y, w1)-path. If w1 → y, there exists a vertex z such that
y→ z → w1 since d+(y) ≥ d+(w1). Now, yzw1 is a (y, w1)-path.
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For the strong digraph D, we have
d+D (w)+ d−D (w) = d+T (wi)− 1+ d−T (w1)− 1 = d+T (wi)− 1+ (n− 1− d+T (w1))− 1
= n− 3+ (d+T (wi)− d+T (w1)) ≥ n− 3 = |V (D)|.
By Lemma 2.2,w1u is 5-pancyclic in T .
So assume thatwi → w1 for all 2 ≤ i ≤ t . Since T−{w1, u, v2} is strong, there exists aHamiltonian cycle x1x2 · · · xn−3x1 in
T−{w1, u, v2} by Theorem2.4. Assume,without loss of generality, that x1 = v1. Thenw1uv2x1 · · · xlw1 (if xl ∈ {w2, . . . , wt})
orw1ux1 · · · xlv2w1 (if xl 6∈ {w2, . . . , wt}) is a cycle of length l+ 3 for l = 2, 3, . . . , n− 3.
Sow1u is pancyclic in T .
Subcase 2.2. x 6= u.
We only need to consider the case when d+(x) < d+(w1) by Lemma 2.3. Thus x 6∈ {w2, . . . , wt} and so x→ v1. It is clear
that x→ u. Sow1x is in the 3-cyclew1xv1w1, the 4-cyclew1xuv1w1 and the 5-cyclew1xuv2v1w1.
We first prove the following claim.
Claim D. If x→ vi for some 1 ≤ i ≤ s and T − {vi, w1, x} is not strong, thenw1x is pancyclic in T .
Proof. Let Dw1xvi be the digraph obtained from T by contracting the path w1xvi into a vertex ww1xvi . If Dw1xvi is strong, by
Lemma 2.1, part (iii),w1x is 5-pancyclic in T . Aswe have found the desired 3- and 4-cycles, we have thatw1x is pancyclic in T .
If Dw1xvi is not strong, let T1, T2, . . . , Tr (r ≥ 2) be the strong components of T − {w1, x, vi}, such that T1 ⇒ T2 ⇒ · · · ⇒
Tr . As Dw1xvi is not strong, either T1 ⇒ vi orw1 ⇒ Tr (or both).
By Lemma 2.5, we can assume that T − {w1, x} is strong. Then vi has an arc into T1 and we have w1 ⇒ Tr . Since
d+(u) = δ+(T ), it is easy to see that u ∈ V (Tr). Since u → v1 and u → v2 and x 6∈ {v1, v2}, we have that v1 or v2
must belong to V (Tr). Now,w1 → v1 orw1 → v2, sincew1 ⇒ Tr . This is a contradiction to {v1, v2} ⊆ N−(w1). 
In the following, we consider two subcases, (a) and (b).
(a) If d+(x) ≥ d+(u)+ 2, let D be the digraph obtained from T by contracting the path uv1w1x into a vertexw. We have
d+D (w)+ d−D (w) = d+T (x)− 2+ d−T (u)− 2 = d+T (x)− 2+ (n− 1− d+T (u))− 2
= n− 3+ (d+T (x)− d+T (u)− 2) ≥ n− 3 = |V (D)|.
If D is strong, by Lemma 2.2,w1x is 5-pancyclic in T .
If D is not strong, it is easy to see that w is in a 2-cycle of D, since d+D (w) + d−D (w) ≥ |V (D)|, which implies that
D−w = T−{u, v1, w1, x} is not strong. Recalling that x→ v1, we can assume that T−{v1, w1, x} is strong by ClaimD. Since
D is not strong, by the definition of path-contracting, we have that T − {u, v1, w1} is not strong. Let T1, T2, . . . , Tk (k ≥ 2)
be the strong components of T − {u, v1, w1}, such that T1 ⇒ T2 ⇒ · · · ⇒ Tk. Since σ(T − u) = 2, we see that T − {u, v1}
and T − {u, w1} are strong. Then each of v1 and w1 has an arc into T1 and Tk has arcs into each of v1 and w1. Recalling that
N+(v1) ⊆ N+(v2), then v2 has at least one arc into T1. We have v2 ∈ V (T1). Since u→ v2, we have that u has an arc into T1.
By Theorem 1.1, Tk contains a vertex x1 whose out-arcs are pancyclic in Tk.
If Tk = {x1} is a single vertex, recalling that d+(x1) > d+(u) ≥ 2, it is clear that x1 → {u, v1, w1} and it is easy to check
that x1z is pancyclic in T for any z ∈ {u, v1, w1}.
Assume that |V (Tk)| ≥ 3. It is not difficult to show that |N−(u) ∩ V (Tk)| ≥ 3, and it is easy to check that x1 is a vertex
whose out-arcs are pancyclic in T .
(b) If d+(x) = d+(u)+1, it follows that d+(y) ≥ d+(x) for all y ∈ V (T )\{u, v1}. By Lemma 2.3, we see that xy is pancyclic
for all y ∈ N+(x) \ {u, v1}.
For the arc xv1, by Claim D, we can assume that T − {v1, w1, x} is strong. Let D be the digraph obtained from T by con-
tracting the path xv1w1 into a vertexw. Since d+(w1) > d+(x), we get
d+D (w)+ d−D (w) ≥ d+T (w1)− 1+ d−T (x)− 1 = d+T (w1)− 1+ (n− 1− d+T (x))− 1
= n− 2+ (d+T (w1)− d+T (x)− 1) ≥ n− 2 = |V (D)|.
It is easy to see thatw is in a 2-cycle of D. Since D− w = T − {v1, w1, x} is strong, we have that D is strong. By Lemma 2.2,
xv1 is 4-pancyclic in T . Since xv1 is in the 3-cycle xv1w1x, we have that xv1 is pancyclic in T .
For the arc xu, let D1 the digraph obtained from T by contracting the path xuv1 into a vertex w1. Since σ(T − u) = 2, it
is easy to see that D is strong. Moreover, we get
d+D1(w1)+ d−D1(w1) ≥ d+T (v1)+ d−T (x) = d+T (v1)+ (n− 1− d+T (x))
= n− 2+ (d+T (v1)+ 1− d+T (x)) ≥ n− 2 = |V (D1)|.
By Lemma 2.2, xu is 4-pancyclic in T . If xu is in a 3-cycle of T , then x is a desired vertex. So assume that there is no 3-cycle
containing xu. This implies that x→ N+(u).
By Claim D, we can assume that T − {vi, w1, x} is strong for all 1 ≤ i ≤ s.
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If d+(v2) ≥ d+(v1)+ 2, let D′ be the digraph obtained from T by contracting the path v1w1xv2 into a vertexw′. We have
d+D′(w
′)+ d−D′(w′) = d+T (v2)− 2+ d−T (v1)− 2 = d+T (v2)− 2+ (n− 1− d+T (v1))− 2
= n− 3+ (d+T (v2)− d+T (v1)− 2) ≥ n− 3 = |V (D′)|.
Since T − {v1, w1, x} and T − {w1, x, v2} are strong, we have that D′ is strong. By Lemma 2.2,w1x is 5-pancyclic in T .
Suppose now that d+(v2) ≤ d+(v1) + 1. Since d+(v1) < d+(v2), we have d+(v2) = d+(v1) + 1. Then N+(v2) =
{v1}∪N+(v1). If d+(u) ≥ 3, then v3 → v2 and {v1, v2}∪N+(v1) ⊆ N+(v3). We have d+(v3) ≥ d+(v1)+2. Let D′′ be the di-
graph obtained from T by contracting the path v1w1xv3 into a vertexw′′. By a similar argument as above,w1x is 5-pancyclic
in T . So assume that d+(u) = 2 and d+(v2) = d+(v1) + 1. Now, T − {v1, w1, x, v2} is not strong. Let D′′′ be the digraph
obtained from T by contracting the path v1w1xv2 into a vertexw′′′. Since T − {v1, w1, x} and T − {w1, x, v2} are strong, we
have that D′′′ is strong. Since D′′′ − w′′′ = T − {v1, w1, x, v2} is not strong, by Lemma 2.1, part (iii), w1x is 6-pancyclic in T .
As we have found the desired 3-, 4- and 5-cycles, we note thatw1x is pancyclic in T .
So the proof of Theorem 3.3 is complete. 
Combining Theorems 1.6 and 3.3, Yeo’s conjecture has been proven.
Corollary 3.4. Each 2-strong tournament T contains at least three distinct vertices whose out-arcs are pancyclic in T .
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